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0> . Abstract 

m ■ 

^~~' I The trace of intertwining operators over the level one irreducible highest weight mod- 

Q ■ ules of the quantum affine algebra of type ^at-i is studied. It is proved that the trace 

Q\ . function gives a basis of the solution space of the qKZ equation at a generic level. The 

^^ I highest-highest matrix element of the composition of intertwining operators is explicitly 

r^ ' calculated. The integral formula for the trace is presented, 
t^ ■ 

•^ ; 1 Introduction 

r> I In this paper we study solutions of the quantized Knizhnik-Zamolodchikov (qKZ) equation 

c3 I associated with the quantum group [/^(sItv). The idea in this paper stems from the study of 

solvable lattice models. 

The qKZ equation was introduced in |^ as the equation satisfied by the highest-highest 
matrix element of the intertwining operators of quantum affine algebra. For generic values of 
parameters the set of matrix elements give a basis of the solution space over the field of appro- 
priate periodic functions. The connection matrix of two solutions with different asymptotics 
have been calculated from the commutation relation of intertwining operators. 

The solutions of the qKZ equation associated with Uqi^sh) is systematically studied by 



Tarasov and Varchenko |T5[ (see also references in it). In [|I^ the solutions are described 
as the multidimensional q-hypergeo metric integrals. It is proved that, for generic values of 
parameters, the q-hypergeometric solutions give a basis of the solution space over the field of 



appropriate periodic functions. The connection matrix is determined as the representation of 
Felder's elhptic quantum group. 

In this paper we propose another description of the basis of the solution space of the qKZ 
equation as the traces of intertwining operators of quantum affine algebra. 

Let us consider the [/^(sItv) modules Vi,...,Vn and the trigonometric R matrix Rij{zi/zj) 
acting on the tensor product Vi ® Vj. The qKZ equation is the q difference equation for the 
Vi ® ■ ■ ■ ^Vn valued function f{zi, ■ ■ ■ , Zn) of the form 



/(■ ■ -^PZj, ■■■) = Rjj-liPZj/Zj-l) ■ ■ ■ Rjl{pZj/zi){K 



-H\ 



Jj 



xRjn{Zj/Zn) ■ ■ ■ Rjj+l{Zj/Zj^ijf{zi, ■ ■ ■ , Zn) , (1) 



J 



where k~^ = Yl^^ k,~ ', hi,- ■ ■ , /ia^-i is a basis of the Cartan subalgebra of sIjm and {k'^' 
means that k~^ acts on Vj. The complex numbers p and k/s are the parameters of the equation. 
If we write p = g2('^+'^) the number k is called level. 

Let Aj (0 < i < A^ — 1) be the fundamental weights of sl^. We identify Aj (1 < i < A^ — 1) 
with the fundamental weights of sl^. In this paper we consider the case where all Vi are 
isomorphic to the A^ dimensional irreducible module V with the highest weight Ai or A^v-i. 

Let V{Ai) be the irreducible highest weight f/q(slAr) module with the highest weight Aj and 
V^ the evaluation module of V. Then there exist, up to normalization, unique intertwining 
operators $(C) and '^*{C)- 

$(0 : V{Ai+i) -^ V{Ai) ® Vc, ^*(0 : V^ ® V{Ai) -^ V{A,+i). 

We extend the index i of Aj to the set of integers and read it by modulo A^. The operators $(C) 
and ^l/*(C) are sometimes called of type I and type II respectively |Q. The difference between 
type I and type II is in the place where the evaluation module is. For type I it is on the right 
of the highest weight module while for type II it is on the left. 

Denote by D the grading operator of the principal gradation of V^(Aj) and consider the 
following trace: 

N-1 

Fimxr' E try(A.) (x^/^^$(Ci) ■ ■ ■ HCmWiCn) ■ ■ ■ ^*(ei)) (2) 

which is a function taking the value in Homcl^*^", y^my Here F{(\^\x) is some scalar function 
(cf. (pi^D). By the commutation relation of the intertwining operators, the cyclic property of 
the trace and the functional equation oi F{(\^\x), this function satisfies the equations: 

G(C| ■■■x^,---\x,y) = G(C|ek, «:)/2n+ite/e^+i) • ■■Rin{^^/Uif^-''h 

xRa{x^i/^i) ■ ■■Rii-i{x^i/Ci-i), (3) 

Gi---x-'Q---\^\x,K) = R,,.,{x~\,/Q-i)---R,i{x-\,Ki){^-"\. 

xR,UQ/U) ■ ■ ■ %+i(0/0+i)G(C|ek, k), (4) 

where -R(C) is the trigonometric R matrix (cf. (|^), ^jj_|_i(,^j/,^i+i) acts non-trivially on V^.^V^-^-^ 
in V^®" etc. The equation (^) has precisely the same form as the qKZ equation (|1]). Let *G 



be the transpose of G, that is, *G G Homc(V^*®™, V**^"), V* being the dual vector space of 
V. Then, as the equation for *G, (|]) is of the same form as (|I|). Since we use the principal 
gradation in this paper, to make a precise correspondence between the parameter x and the 
parameter p in ([^) we need to consider G as a function of Zj = (^ and Uj = $,^ . Then if 
x^ = p = g2('^+^), *G and G satisfy the qKZ equation of level k and level —k — 2N in the 
variables u and z respectively. 

In this paper, if x~^ = g2(fc+A^)^ ^g g^y (Wj the qKZ equation of level k with the value in 



Let S^ and 5^" be the space of meromorphic solutions of the qKZ equation of level k with 
the value in ^®" and V*'^"' respectively and JF the field of x periodic meromorphic functions in 
n variables. Then the function G defines two maps simultaneously: 

'GiC\-\x,K) : V*^"'^J^-^Sr, (5) 

Gmx,K) : V«"®^-^5!"^^2^. (6) 

In (H), Ci) ■ ■ ■ ; Cm are parameters of the map and in (^, ^i, ■ ■ ■ , ^„ are parameters of the map. 
We consider the case n = m. We assume |x| < 1. We shall prove that, if x and k, are generic, 
(^) is an isomorphism for the generic values of (i,...,(m and (|^) is an isomorphism for the generic 
values of ^i,...,^„. It is proved by showing that the determinant of G does not vanish identically. 
We calculate the determinant at x = where G reduces to the highest- highest matrix element. 
For the level one irreducible module V{Ai) the matrix elements can be calculated explicitly 
without integral. This is expected because at g = 1 we have such formula calculated by using 
the Frenkel-Kac bosonization of V{Ai) p. In the case of Uq{sl2) the formula is given in 0]. For 
[/^(sItv) we carry out the integral of the integral formula given by the Frenkel-Jing bosonization 
in [jlOl in a similar manner to A^ = 2 case. 

The case x = g^ is relevant to the physical quantities in solvable lattice models. In fact at 
this value of x if we further specialize the variables Q and ^j appropriately, the trace functions 
give correlation functions and form factors of the solvable lattice model constructed from the 
R-matrix -R(C)- We have calculated the determinant of G for N = n = 2 and x = q^ explicitly. 
By the q series expansion we checked that det G does not vanish identically for n = 3. We 
conjecture that the determinant does not vanish identically at x = g^. This suggests that the 
trace description can be effective for the completeness problem of the space of local fields |T^ [|l|]. 



The bosonization of intertwining operators makes it possible not only to derive the integral 
formula for the matrix elements but also to derive the integral formula for the trace. We have 
given the integral formula. Therefore the integral formula for the basis of the solution space of 
(I) and (§) is given. 

The plan of this paper is as follows. 

In section 2 we give necessary notations of quantum afiine algebra of type ^^v-i- ^^ 
introduce the intertwining operators for the level one integrable modules in the principal picture 
in section 3. In section 4 we give the relation between principal picture and homogeneous 
picture. It serves for translating the results in the references into principal picture and vice 
versa. In section 5 we introduce the trace of intertwining operators and derive the equations 
satisfied by them. The main results and their proof is given in section 6. In section 7 we give 
an example of the concrete expression of the determinant of the trace of intertwining operators 



in the case of Uq{sl2)- In section 8 we give the integral formula for the matrix element of the 
intertwining operators. The integrated formula for the matrix element is given in section 9. In 
section 10 the integral formula of the trace of intertwining operators is presented. In appendix 
A we refer the integral formula for the trace of intertwining operators of Uq{sl2) in 0, since in 
this case it is possible to simplify the formula a bit. This simplification is used in the calculation 
in the example of section 7. The bosonic expression of the intertwining operators are reviewed 
in appendix B. The list of the expression of the operators in terms of their normal ordered 
operators is given in appendix C In appendix D a derivation of the integral formula for the 
trace of intertwining operators is explained. 

2 Preliminary 

Let A = (aij) be the generalized Cartan matrix of type A)^_^, {ajj^g^ ^^d {/ijj^o^ the set of 
simple roots and simple coroots respectively so that < ai,hj >= aij. 

The quantum affine algebra t/q(slAr) is the Hopf algebra generated by Cj, /j, tf^ (0 < i < 
A^ — 1) with the following defining relations: 

^ ^ fe=0 A;=0 

where e^^^ = e^'/lk]] and similarly for f^''\ [k]\ = [k]- ■ ■ [2][1], [k] = {q^ — q^^)/{q — q^^). 

The coproduct A and the antipode S are given by A(ej) = Cj 1 + tj (8> Cj, A(/j) = 
fi ® t-i + l®fi, A(ti) = U®tj_and S{ei) = -f-^d, S{fi) = -/,t„ SiU) = t-\ 

We extend the algebra [/^(slAr) by adding the element D such that 

[D,e,]=e,, [D, /,] = -/,, [D,tf'] = 0, A{D) = D^l + l(g)D. 

The resulting algebra is denoted by [/^(slAr). We say that an element X G [/^(slAr) is of degree 
n a [D,X] = n. We denote by Aj (0 < i < A^ — 1) the fundamental weights of sljy. We identify 
Aj (1 < i < A^ — 1) with the fundamental weights of sl^. We extend the index i of Aj to any 
integer and read it by modulo A^. 

For a highest weight f/g(slAr) module M with the highest weight vector v, D defines a grading 
on M by D{Xv) = n for a degree n element X in [/^(slAr). The evaluation representation 
Vc_ = ®^SqCvj of f/g(slAr) associated with the irreducible f/g(slAr) module with the highest 
weight Ai is given by 



fiVj = C ^Sij+iVj+i, dVj = (SijVj-i, Uvj = q ^'3+^'i+^ 



31 



where the index of Vj should be read modulo A^. In terms of {Aj} the weight of Vj, which we 
denote wtfj, is given by wtvj = A^+i — A^. 

We denote the binomial coefficient by „Cr, that is, (1 + x)"' = J2r=onCrX^. 

In this paper two kinds of variables appear, one is u and z, the other is ^ and (. They are 
always related by the relation m = ^^ and z = ('^ except in Appendix A where u = — ^^ and 



3 Intertwining operators 



In [0] ||T0| the evaluation representation, R matrices and intertwining operators are described in 



the homogeneous grading. We shall rewrite them to the principal picture so that the description 
is consistent with the s/2 case in and that the equations for the trace of intertwining operators 
are free from cumbersome factors. 

Let PR{(i/(2) be the intertwiner from V^^ ® V^j to V^2 ® ^1 normalized as P-R(Ci/C2)('^o ® 
Vo) = 'Vq^Vq, where P is the permutation operator, P{v®w) = w^v. We define the components 
of R{C) by RiOivi ® V,) = E.',,' ^(C)^y^^' ® v,,. 

They are given by (cf. 0) 

i?(C)^j = l, RiCt = HO = f_~q2p OVA:), 

Ricy^, = cAc) = ^^^r^'-'^^'-' ovfc), (7) 

where e{k) = 1 (fc > 0), = (otherwise) and < j. A; < A^ - 1. 

Let V^(Aj) be the irreducible highest weight Ug{s\p^) module with the highest weight Aj 
and the highest weight vector |Aj >, V{Ai)* the restricted dual right highest weight module 
of V{Ai) with the highest weight vector < Aj| such that << Aj|, |Aj >>= 1, where <,> is 
the dual pairing. We denote << Aj\,X\Ai >>=<< Aj\X,\Ai >>=< Aj\X\Ai > for any 
X G Homc(^(Ai), V{Aj)), where X acts on V^(Aj)* from the right. 

The type I and type II intertwining operators $*'*^(C) and \I'**^*^(^) are the f/g(slAr) linear 
operators of the form 



N-l 



$»(C) : V^(A,+i) -^ V{Ai) ® Vc-'^^^HC) = E ^f{0®v, 

e=0 

In the second equation u G V{A.;). We normalize them by the condition that 

< Ai|$«(C)|A,+i >= 1, < A,^^\mf\Q\A, >= 1. 

Under these normalization the operators $*•*-' ((^) and \I'^*^*(^) are unique. 

We sometimes omit the upper index (i) of $*^*-'(C) and ^**^*^(^) for the sake of simplicity. 
They satisfy the following commutation relations (0): 

i?(Cl/C2)<^(Cl)<^(C2) = $(C2)$(Cl), (8) 

vi/*(6)^*(6)i?*(6/6) = vi/*(6)^*(6), (9) 

$(C)^*(0 = t{c/0^*{OHO, (10) 



where 



t(C) =C^~^ ^g2iv(gC^ 



e 2N{qC 



-N\ 



and for any complex number p such that \p\ < 1 we set 9p{z) = {z;p)oo{pz ^;p)oo{p',p)c 

(^;p)oo = nr=o(i-A). 

The matrices R{C) and R*{C) is given by R{C) = r{C)RiC) and R*{C) = ^*(C)^(C) with 



{q'^'z; q^^ooiq^z-^; q'^oo ' '"' ' {q^^'z; q^^)^{q'^-^z-^- q 



2N\ ■ 

oo 



In these commutation relations we use the following notation: for f j ® Vj G V"^^ ® V^^ and 
fj' (8> fi' G V^^2 ® V^i, the equation Vi ® fj = Vj' ® fj' means fj = Vi' and i;j = Vj'. This is for the 
sake of simplifying the description of the equation. Thus in terms of components (pi), (0) and 



(P^) are written as 



^(Cl/C2)fii$<(Cl)<^4(C2) = $e.(C2)$e.(Cl), (H) 

R*{U ^2)11:1^*4^2^4^1) = vi/;(ei)vi/;(6), (12) 

Mon^o = ri(/on(onc). m 

Let a be the automorphism of Uq{s\N) induced by the Dynkin diagram automorphism, 
a{ei) = Cj+i, (j{fi) = /i+i, (T{hi) = /ij+i- The indices are understood by modulo N. The Dynkin 
automorphism a induces the linear automorphism of V^, the linear isomorphism between the left 
highest weight modules V{Ai) and V^(Aj+i), the linear isomorphism between the right highest 
weight modules V{Ai)* and ^(Ai+i)* by a{vj) = Vj^i, cr(|Aj >) = jA^+i >, a{< Ai\) =< A,j_i| 
with the properties a{Xv) = a{X)a{v) and a{v*X) = a{v*)a~^{X) for X e f/q(slAr), v G V{Ai), 
V* G V{Ai)*. 

Then the intertwining operators satisfy the following relations 

$»(() = (a ® a)$(^-i)(C)f7^\ ^*(*nO = a^*^*~'HO(^"' ® ^"')- 
In terms of components these are 

These relations are proved by checking the intertwining properties and the normalization con- 
ditions of the right hand side of the equations using the relation 

{a (g) a) A = Act. 

The R matrix R{C) is also invariant with respect to a: 

where (r{i) =i + l {0<i<N -2), (r{N - 1) = 0. 



4 Principal-homogeneous correspondence 

We shall give relations between the intertwining operators in this paper and those in [p!0|l [3. 
Let V^'^'^ = (Bf=o'Cvj be the homogeneous evaluation representation given by 



The map V^ — > V^^^ given by Vi i-^ ViQ commutes with the action of U'JsIn), where z = ( 

■A, 



'J' 

N 



Let $^' (z) and $^, '^^{z) be the intertwining operators in ||10|| : 



We set 



N-l 



i=o 
where {v*} is the dual basis to {vj}, < Vi,v* >= 6ij. Then 



where < z,j < iV — 1. We remark that the dual representation V* in $^. '^^(z) in |T^] is 
with respect to the antipode inverse. 

Let R'^^^z) = RvWvwi^) be the R matrix in [Q. Then 

Ri(:%, = R('^{C%'C-'- 

5 Trace of intertwining operators 

In order to appropriately normalize the trace of intertwining operators we first introduce scalar 
functions which satisfies some functional equations. For complex numbers Pi,- ■ ■ ,Pk such that 
IPjI < 1 for any i, we define 

oo 

iz;pi,---,Pk)oo= n il-p'''---p'^''z). 

ri,---,rfc=0 

We set {z} = {z; g^^, x^)oo and 

h^^Hzlx) = i<l'^^-''^-'W^^^} (14) 



where a = 0, ±1. Let us define 



F(z|u|x) = n h^''\-\x)([[ h^'\-\x))-' n h^'\-\^), (15) 

a<b ^a a,b ^b a<b '^b 



and 

F{C\^\x) = F{z\u\xy n.,.^.(-WC) ^^^-l 



Ila<b Oxi-Cb/Ca) Ila<b ^x(-^a/6) 

The function F satisfies the following equations: 

F(- ■ ■ , 0+1, 0, ■ ■ ■ lek) = r(0/0+i)F(Clek), 

F(ci ■ ■ ■ , 0+1, 0, ■ ■ ■ k) = r*(o/o+i)^(ciek), 

n 
F(x-lCl, ■ ■ ■ , Cniek) = n r{^j/ClM(2, ■ ■ ■ , Cn, Cllek), 

F(cixo,---,en|a;) = n^(ei/o)i^(ci6,---,a,eik). 

i=i 

For complex numbers 7/i,...,|/Ar_i let us set y^^ = Ylfs]^ Vj ^ ■ Let x be a complex number 
satisfying |x| < 1. We define the normalized trace function as 

and set 

<^(Cl^k,y)=EG'^^HCiek,y). (17) 

j=0 

These functions take the value in Homc(V^®"', V®"^). We define the components of G by 

By the functional equation of F and the commutation relations of intertwining operators 
the function G satisfies the following system of equations: 



Rii+i{CiKi+i)G{- ■ ■ OCi+i ■ ■ ■ l^|a;, y) = G{- ■ ■ Q+iQ ■ ■ ■ \^\x, y), 

GiC\ ■ ■ ■ ^S+l ■ ■ ■ \x,y)R^i+li^^/^^+l) = G{C\ " " " 6+1O " " " l^^, 2/), 

G{x~^Ci, C2, ■ ■ ■ , Cm\^\x, y) = {y'^)(;,G{C2, ■ ■ ■ , Cm, Cil^k, y), 

ClCKl, 6, ■ ■ ■ , ^n\x, y) = G{C\^2, ■ ■ ■ , ^n, Ok, y) (2/~^)5i, 

where Rij{C,i/Q) acts nontrivially on the component V^. V^^ in V^^ (g) ■ ■ ■ (8> V^„, Riji^i/^j) acts 
nontrivially on the component V^^ ® V^. in V^^ • • ■ ® V^„ and {y~^)(^i means that y~^ acts on 
the component V^^ etc. In thses equations we use the same notation as in the equation (|), (|^) 
and (^) to avoid the use of permutation operators in the equations (see the comment before 

(0), (0), (H))- 

As a consequence of these equations G satisfies 



G(- ■ ■ x-'Q ■ ■ ■ \^\x, y) = irf )(Ci, ■■■,Ux, y)Gimx, y), (18) 

G(C| ■■■x^,---\x,y) = Gimx, y)irf (^1, ■ ■ ■ , Ux, y) (19) 

K\^\Cir- ■Xm\x,y) = 

i?,i_i(x-^0/0-i) • ■■Rii{x-'Q/Ci){y-'')cAm{Ci/Cm) ■ ■■Rn+iiQ/Q+i), 
Kl'^\^i,---,^n\x,y) = 

^n+l(6/6+l) ■ ■ ■ Rini^i/^n)iy~")(,Rilix^i/^l) " ' ' Rii-lix^i/ ^i-l)- 

Note that 

'K^iCu ■ ■ ■ , Ux, y) = K^'\Ci, ■ ■ ■ , Ux'\ y). 

If we denote x^ = g2(''+^) then the corresponding equations (|1^) and the transpose of (0) 
are the qKZ equations of level —k — 2N and level k respectively. 

From the Dynkin symmetry of the intertwining operators, C-*-* and G satisfy the following 
equations: 

G^'^'\mx, 1/1, ■ ■ ■ , y^-i):[;\t'ro^^™j) = i/iG'^^Hciek, y^'y2, ■■■, z/r^z/^-i, i/r^);.v:.-'X' 

G{C\^\x, yi, ■ ■ ■ , yN-i) = yiG{C\^\x, y^" V, ■ ■ ■ , yi^yN-i, Vi^)- 
We define G^^\(\$,\x,y) by the similar formula to ([T6| ) where F{(\$^\x) is replaced by F(z|u|a;). 



Then define the function G{(\^\x,y) similarly to (|T^. 



The function G satisfies the following system of equations: 

'Ru+i{Q/Q+i)Gi- ■ ■ 00+1 ■ ■ ■ \^\x, y) = G(- ■ ■ O+iO ■ ■ ■ l^l^:, y), (20) 



Xi+l\N~l 







Si \N-1 



G{C\ ■ ■ -00+1 ■ ■ ■ \x,y){J^r-'Rii+l{^^/^^+l) = G{C\ ■ ■ -6+16 ■ ■ ■ \x,y), (21) 
Gix-'CiX2,- ■ ■ Xm\^\x,y) = G{C2,- ■ ■ XmXi\^\x,y)l[iT^''''' 

'OsAf-l 



^((13:6, 6, ■ ■ ■ , ^n\x, y) = G{C\^2, ■■■,^n, 6k, y) n 



3=1 ^l' 



For the Dynkin diagram symmetries exactly the same equation as G^^^ and G holds for G*^*-* 
and G. 

Up to now we do not mention to in which sense the trace (^) exists and to the validity of 
the application of the commutation relations (H), (P) and ( p!0D inside the trace. By definition the 
trace (|TB[) exists as a formal power series in x whose coefficient is a finite sum of matrix elements 
of the intertwining operator $(Ci) ■ • ■ ^*('Ci)- It is known that the latter matrix element, which 
originally defined as a series in ( and 6 ^-^'g analytically continued to give a meromorphic 
function on (0*)"+™, where C* = C\{0} is the algebraic torus. In fact, as we show in section 
10| , the series in x can be summed up explicitly to express the trace (|16D as a meromorphic 



function on (0*)"-+™. Since the commutation relations (^), (|^) and ([TD|) hold in the sense of 
analytically continued matrix element, they are applicable to the series expression of the trace 
in X and hence to the meromorphic expression of the trace. 

9 



6 Completeness of trace function 

In this section we assume n = m and study the determinant of G. Let (V^®"')fco,---,fcjv-i ~ 
{v G V^^lUv = q^i-^-^iy^ be the weight subspace of V®^ with respect to f/g(slAr). From 
the definition of the trace and the intertwining operators, G commutes with the action of tj 
(1 < 2 < iV — 1). Therefore the determinant of G is the product of the determinants taken at 
each weight subspace. In the following we fix a set of numbers /cov^^Af-i- The determinant 
always means the determinant taken at the weight subspace (V^'^"')fco,--,fciv-i- 

Theorem 1 We assume |a;| < 1. Then detG{C,\^\x,y) does not vanish identically as a function 
of Ci's, ^j's, x,q and yu's. Moreover det (5(C|^|a;, 1) does not vanish identically. Here y = 1 
means that all yi = 1. 

We say that {x,q,y) = (x, g, i/i, ■ ■ ■ ,?/7v-i) is generic if det G{(\C,\x,y) does not vanish 
identically as a function of Cs and ^'s. For fixed {x,q,y) we say that the set of complex 
numbers (i,...,(n is generic if det G{(\^\x,y) does not vanish identically as a function of ^'s. 
Similarly for fixed {x,q,y) we say that the set of complex numbers ^i,...,^„ is generic if det 
G{C\^\x,y) does not vanish identically as a function of C's. 

Corollary 1 Suppose that {x, q, y) is generic. The map (Qj is an isomorphism for generic 
values of(i,...,(n o-nd the map ^ is an isomorphism for generic values of ^i,...,C,n- 

To prove Theorem |l| we first express the determinant of G using some single function. Let 

lis sgIj 

/(cieia:,y) = G(cieix,y)S:::|::;;:;:;, 

where (O'^" ■ ■ ■ (A^ — 1)'=jv-i) means the e = (ei, ■ ■ ■ , e„) such that Ci < • • ■ < e„ and the number 
of z in e is fcj. We call / the extremal component of G. 
From fEDI) and (1211) we have, for Z > /c, 



G(- ■ ■ CCi+i ■ • ■ \^\x, yy^'- = ai?(C/C+i)G(- • ■ C0.+1 ■ ■ ■ lek, y);'' 



where 



+ai(0/0+i)G(- ■ ■ C.+iO ■ ■ ■ lek, y);"'-, (22) 

G(CI ■ ■<^^^+l ■ ■ ■ \x,y)Uk- = 4?te/e.+i)G(C| ■ ■ -^.6+1 ■ ■ ■ \x,y)lM- 

+a2te/e.+i)G(C| • ■ ■ ^^+l^^ ■■■\x, y)Ui:. (23) 



«i(C) = Y^^ ' ""'^^^ 1-C^ 



Using these equations it is possible to express any component of G in terms of /. In order 
to describe this expression precisely let us introduce the lexicographical order, on the set of 
e = (ei, ■ ■ ■ , e„) such that tl{j|ej = i} = ki, comparing from left to right. The minimal element 
is (0'"' ■ ■ ■ (A^ - l)''^-i). It is convenient to associate M = (Mq, ■ ■ ■ , M^^i) with e = (ei, ■■■,€„) 
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such that Mi = {rrii < ■ ■ ■ < mj^} = {j\^j = i}- We use both notations to specify components 
of G. We denote the minimal element by M° = {M^, ■ ■ ■ , M%_^). For M = (Mq, ■ ■ ■ , Mn-i) 
we set (Cmo, ■ ■ ■ , Ca/^_i) = (C(o), ■ ■ ■ , C(iv-i)). Then 



G(ciek,y)f = E a^'^^'G(CM^,---,CM;„jek,i/)f 



with 



Similarly 



with 



^MM^Yl n «l(Ca/a). 

r>/ a€Mr,beMia<b 



L'<L 



6^^ = n n ci^iu^t). 

r>l aGL,.,b£Lia<b 

These equations mean that the matrix G and the matrix whose components consist of / 
with permuted variables are connected by the product of two triangular matrices with diagonal 
components (a*''^*^)M and (&^*^)m respectively. Thus we have 



Proposition 1 

i<j 

where 

n{ko,-- ■ ,kN-i) = E ni^riko,- ■■ ,kN-i), 

0<l<r<N~l 

N~2 

3=0 
[Kq, ■ ■ • , Kj^_i) = [Kq, ■ ■ ■ , ki — 1, /C^ + l, ■ ■ ■ , fcr-1; k^ — 1, ■ ■ ■ , fcjV-lj, 

where the empty sum J2i2oK should be understood as 0. 

Note that, by definition, G{(\C,\x,y) reduces to the matrix element at a; = 0: 

G{cm,yr, = mu\o) 

E<A.i2/''<^..(Ci)---$..(c™)^;„(a)---^;,(ei)iA.>- 



N-l 
X ^ 
=0 



The matrix element can be calculated explicitly using the bosonization of the intertwining 
operators |10| on the Frenkel-Jing bosonization of V{Ai) |^. In fact the bosonization gives 
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the integral formula for the matrix elements. The integral of the extremal component can be 
calculated rather easily. For N = 2 such calculation is done in [§ . We give the integral formula 
in section ^ and the integrated formula with its derivation in section ^. 

By specializing the formula of Proposition ^ in section ^ to i = j, /c^ = /r (0 < r < A^ — 1), 
multiplying i/i and summing up in i from to A^ — 1 we get 

Proposition 2 We have 

n /■ N-1 t 

T-r T-r [Zg — qUbjyUg — qzh) ^-^ TT i' ^" v TT i' ^" ^ 

-^^ ^^ (z -a^zAiu -a^u^ ^^^-H^^^ ^^^V' 

r<laeMi>,beM° ^ "■ ^ '^b)\"'a H ^h) j=o a=l ^o- a=l ^a 



where Kj = k^^ ■ ■ ■ + kj, K_i = 0, yo = 1; 

The empty product from 1 to should he understood as one. 



C = (-l)J2r = o(-' + '^)^rjK%_^-^J2r^o''r+KN-2kN~ 



Proof of Theorem |l[ It is sufficient to prove that det (/(Cmq) ' ' ' ? Cj\/iv-i I^Lc ' ' ' ' ^Ln-i IO5 1) 

\ / Ivl , L/ 

does not vanish identically, where 1 means yi = \ for any i. Let P = Yla=o n-Ka-iCka be the 



size of the determinant. We set 



n N-1 

(JV_l)(l_a) TT TT .-r rjc^ ___ C \ _ f(t ... C \-l 



/i(Ci,---,Cn) = ncf~'^^'"^^n n cr, /2(ei,---,en) = /i(ei,---,e 

a=l r=0 aGA/O 

Then by Proposition ^ we have 

det [/(Cmo,- ■ ■,CMjv_il^Lor ■ -^^Liv-ilO, 1))^^^ 

= C* ll /i (Cmo 5 ■ ■ ■ 5 Ca/jv-1 ) /2 (^Mo ! ■ ■ ■ ; ^A/iv_i ) 
Af 

X n n n (^<^ - ?'^^)''k - g'«,)-ip(cieig), 

Af r<la£Mr,b£Mi 

where P(C|e|g) = det(P(C|e|g)A/,L)M,L and 

^(Cie|g)Af,L 

7V-1 n A j-1 

= n [ n (^« - ?«^) n k - g^.)] e n cfy n ( n ^a' n ^a). 

r<i aeMr,b&Li aeLr,beAIi j=0 a=l ^« r=0 aSA/r aGLr 



We consider the case q = 1 and Cj = ^j for any j. It is easy to see that if M is different from 
L then V{(\C,\1)]\i^l = 0. Hence the matrix (^(CIC|1)a/,l)ml i^ a diagonal matrix and 

det{v{c\c\i) m,l)m,l = n^(cicii)M,M = iv^nn n (^^ - ^^)'- 

A/ M r<laeMr,b£Mi 

This completes the proof. 
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7 Determinant formula at A^ = 2 and x = q^ 

Let us give here examples of the exphcit formulae for the determinants of G. To understand the 
general structure of the formula in the example below we first present the system of equations 
satisfied by the determinant and give one solution of it. By taking the determinant of the 
equation of G at the weight space (V^®")fco,A;i we have 

(^)"^^o (^i^%i)"-^'''=-MetG(- ■ ■ 00+1 ■ ■ ■ lek, y) = detGi- ■ ■ O+iO ■ • ■ 1^1^, y), 
^vc:.„r!fi^i!!f!±iV-^'^o-detG(C| ■ ■ -66+1 ■ ■ ■ k,y) = detG(C| ■ ■ -O+i^ ■ ■ ■ \x,y), 



ii+i ^Ui+i-q'^Ui 

detGix-'Cu C2, ■ ■ ■ , Cn\^\x, y) = detG(C2, ■ ■ ■ , Cn, Cil^l^:, y){-lt-'^-^'^'^^-^{f{ ^)"^'=o 

^ C- 
detG(C|xei,6r--,en|x,y)=detG(C|6r--,en,eik,y)(-l)("-^)"-^^'^-o-(nr)"^^'^^ 



'tA ei 



If X = g^ and y = 1, one solution to these system of equations is given by 

<3(Clf) = 

i=i V k<k' "^ y k' j=i V j=i Si 

Any other meromorphic solution of the equation is given by multiplying a meromorphic function 
which is symmetric and q^ periodic in O's and ^j's respectively to Q{C\0- 

Example 1. We consider the case of ko = 0. The formula is from [||. 

G(Ci, ■ ■ ■ , Cnl^i, ■ ■ ■ , ai^, y)--::.z = {x'U E {^YU-y IT f)- 

Example 2. Let us consider the case x = q'^y = l,n = 2,ko = l. Then 

f-J-^ ui - q^U2 C26 

and 



£2 '1 
MlM2^ 



det(G(Ci,c2iei,6);.r,^ 

-^'i^')im^r^^^^oA-q n |)^- (25) 
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Here (z)oo = {z : g'^)oo and zt = (f, Ui = ^f. This formula is calculated using the technique 
found in [|l|]. 

By using (^2|), (^) we can calculate other components of G. By Dynkin diagram symmetry 
we know a priori that G(C|e|g', l)--X = GiC\^\q', 1)+I, G(C|e|g^ 1);1 = G(C|e|g^ 1)^;. Then 
the concrete expression for G is given by 

G(Cie|g',i)K®t;_) = 

f-J^ Cj Ml - q^U2 ^ C26 6 (2^1 

GimqM)iv^®v+) = 

J=i Cj Ml - q^U2 ^ 6 C26 C26 

8 Integral formula for matrix elements 

We set 



Gfe)(^l^)e.-,e. _ < A.i$.,(Ci)---$.JU^;;„(a)---v[^*,(6)|A, > 






where F(z|u|0) is given by ([1^ and (|T5]). We need to assume j + n = i + m mod.A^ for the 
matrix element to be well defined. 

Let kr = tl{j|ej = r}, Ir = tKil/^j = r} for < j < A^ — 1. Then m = Y^^=q K and 
n = Hr=Q ^r- The function G^''^\C,\^y is zero unless 



n 



Y^ wtt;^^ + Aj = XI ^^^r + Aj. 



r=l r=l 

Since wtf,. = A^+i — A^ this condition is written as 

kr - Ir = kr^i - 1,-1 + (5,,i - 5r,j < r < A^ - 1, (26) 

where we understand A;_i = /cat-i and /_i = In-i- In particular we have m — n = j — i + Nr^, 
where rg = k^-i—lN-i- We assume the condition (^). We set wj^ = g^"'"^^;^ and fj^ = q^^^U}, 
for the sake of convenience. Then 



G(^^Hcio;^PX 



(^foOj-g ^-) TT MN~l)(m-n+l-a)+j-ea TT f (JV-l)(b-l)-i+Mb 
a=l 6=1 



El±i.../ ^^!^^V-1 TT /^W)-l TT ^ 
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a=ifc=e„+i(w^ -q w^fc+iK^fe -gwfe+ij 6=ifc=M6+i (% -g %+i)l% -q^k+i) 



nn (.) ' (.) nn (.) ' (.) n n (-r^-^^-f)rf^--f) 

a<6 fc W^ —(lW^_ia<b k Wj^ — QW j^^i a<b k<N -1 



xnn (, \(.) nn (, \(.) n n (v^k'-i-H^w^'-vt, 

a<b k Vf^ — q %„i a<6 k V^. — q %+i a<6 A:<JV-1 



xnrf^-45i)n(4'-^i-4"^)n n ^ 



lL\^k ^k+U lL\^k-l ^k yii ii , (a) {6)x, (a) i (Mn ' 

a,b,k a,b,k a,b k<N -1 [wl ' - qvl' )[wl ' - q ^vl' ) 

where 



y_(lY'-'^i){N~l)+5jo(n+m)(N~l)+(\N(N+l)+l){ko+lo) 
y^(l\\{i~i){N~j)(N-j~l)e{l<i<j)+\{i~j){N-i){N~l+i~2j)e(i>j>l) 

Here, for a rational number r, we denote by {r} the fractional part of r, that is, {r} = r — [r], [r] 
being the Gauss symbol. This notation appears only in the description of the sign and should 
not be confused with the double infinite product. 

The integral variables are w)^ a = 1, ■ ■ ■ , m, /c = e^ + 1, ■ ■ ■ , A^ — 1 and v^' b = 1,- ■ ■ ,n, 
k = eb + l,---,N-l. 

Each product in a, b, k which appears in the integrand is over all possible values satisfying 
the conditions written in the product symbol. We must be careful if w^ or v}^ appears in the 
product. For example 

11 ll~w (nr 

a<b k wl' - qwll^ 

N-2 ^ ^ 

^ 11 11 ~la) (FT 11 ~la) (fey 

l<a<fe<m-fcjv_i k=raa.X{€a+l,ei,) Wj^ — qW^j^i l<a<b<m-kN-i ""^TV-l ~ Q'^N 



X 



n n 



(a) (b) ■ 

a=l fe=m-fcjv-i+l "^Af-l ~ Q'^N 



This is because the index a of w^ runs until m — /cat-i if /c < A^ — 1, while a can run until m 
iik = N. 
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The integration contours Cl of wj^ and Cl of f ^ are as follows. 

The contour Q" is a simple closed curve going round the origin in the anticlockwise direction 
such that q"Wfc±i, q^^wlli (a < 6), q^^v^ (any b) are inside, q'^wj^J.^ and g^^w^^i l*^ > ^) ^-re 
outside. 

The contour (7^ is a simple closed curve going round the origin in the anticlockwise direction 
such that q~^Vf,^i, q'^^v^J.^ (a < b) are inside, gf^^i, q'^^wj^ (any a) and q'^^v^J.^ (a > 6) are 
outside. 

9 Integrated formula for the extremal component 

In this section we give the formula without integration for the extremal component of the 
matrix element. For 0<r<A^ — Iwe define Kr, Lr by 

r r 

r'=0 r'=0 

We set Kr = Lr = ioT r < or r > N . For a proposition P we define 0{P) = 1 if P is true 
and 0{P) = otherwise. The variables are related by Zr = C!^ , Ur = ^^ . 



Proposition 3 We have 

/7fo•)fA|^^o'«■■■(^-l)'=^-l 
^ \^\^jQio...(^]\r_iyN-i 



K,^ 



i-i -f-i-i 



c(^^')(k|i)ncr~'^^'"""+'""^"^"+-'Ti^6 '^^ ^^^'''"' n ^a^ n ^^ 



-{N~l)(m-n+l-a)-ea+j TT AN-l){b-l)+^n,-j 
,a 11^6 

a=l 6=1 a=l fe=l 

nr=i nLi(-^a - 9^fc)'^^°<^^H^6 - g^a)^(-°>^^^ 

"" n^6=i(^a - g2z6)^(-<^^) m,6=i(«a - g%,)^(^«<^^) ' 
where C*^*-'^(k|I) is a constant given by 

y^{_l\h(:!~i)(^^MN-j-i)e(i<i<j)+^(i-j){N-i){N-i+i-2j)e(i>j>i) 

x(_l)5('=o+'o)Ef=i'(^"l-0{JV+2+r){fe.+i.) 
x(-l)^i<«<''<^iV-2(^-'-^^)+^i<«<^<^iV-2(^-^-'"')+^-i"'S*^=^i"'(^-^-'^^^(^-^^)) 

X g~ Er=if (''+^)'='-'^+^-^Jv-2iiv-2 _ C27) 

and e = (0^°, ■ ■ ■ , (A^ - l)'='^-i), /i = (0'«, ■ ■ ■ , (A^ - l)'^-i). 
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^^(N+l)(ii-j)ii-j-l)+rlN{N-l)+2jroN-2iro{N-l))+(J+m-K,-i+L,^i)~NK^_2C2-(N-l)L^_2C2 

Ni-KN^2+LM-2)ikN-l-lN-l)+LM-2lN-l-J2r=o(^-'^-^)>'r+J2rSoir+l)krC2+J2r^o''lrC2 



Let us explain how to derive this formula. First we carry out the integration in the variable 
w by the order 

(1) (1) (1) (2) {Kn-3+1) {Kn-2) 

that is, first in tfj , next in ^2 ^tc. After the integration in w we integrate in the variable v 
by the order 

(1) (1) (1) (2) (Kn-?,+1) {Kn-2) 

In the variable wi the poles of the differential form in the integrand outside the contour 
C} is only at tu} = ^"^^2 • It means that there are no poles at infinity too. Thus we can 
calculate the integral in Wi by taking the residue at w} = q~^W2 ■ After taking this residue 
the integrand have the same structure in the variable ^2 ^'^^ so on. Therefore the integral in 
w's is calculated by taking residues successively. After calculating the integral in the variables 
w the poles of the integrand in the variable v\ inside the contour C"} is only at f | = q~^V2 ■ 
Hence the integral is calculated by taking the residue at f } = q~^V2 ■ After taking the residue 
in Vi the integrand has the same structure in the variable f 2 and so on. 

Thus the integral is calculated by substituting 



(g ^-q)wr 1 (a) _ k+i 

(a) w (a) _i (a) X y ' ""^fc H 



q Ub, 



into the integrand and multiplying it by 

(-i)Er=o'(^-i-'-)^'- 

which comes from taking the residue in w outside the contour. 

Example, m = n = 1 case. 

In this case i = j, ei = /ii, kr = k- for any r and tq = 0. We consider the case i = 0. The 
integral formula is read as 

G(°°)(Ci|6)^ = C(°°)(e|6)CreiX/, 

dw;2i r dwir, f dv^Ji r dv\ 



e+l / ""yAT-l / "-t^e+l / <^^N-1 



Ic^]^^ 2m Jc'^^\ 2m Jci'^, 2m Jc^^l, 2m 
k=e+i[Wi, -q w^+iJlWfc - qWf^^^) k=e+i[Vk -q %+iJl% -9%+iJ 

N-l N N-1 



1 

11 v-fe-1 -fe 7 11 m (i)w (1) ^_i ,(i)V 

k=e+l k=e+2 k=e+l[Wf, -qV^ j (tfj^ -q V^ ) 



X n i^^^-4i) n (4^i-4.'^) n 
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Here, by calculation, C^°°^(e|e) = 1. Let us denote the integrand of / by J. Consider the 
integral in w| . By definition of the contour C^+i, q^^w\_l2 are outside and all other poles on 
the complex plane are inside of C^+V The differential form Jdw^^i has no poles at oo. We have 

Res (1) 1 (1) Jdw^^J, = 

k=e+2 {W^}'^ - q-^w[%){wl}'^ - qwl^l^) k=e+l (4^^ ' ?"^4+l)(4^^ ' rf+l) 
N-1 N N-l 



k=e+2 fc=e+3 fc=e+3 (Wfc - qVk J (Wfe -q 'Vf. ) 



iwi%-qM%)iwi%-qM%y 



f28) 



Consider this function ( pS]) as a function of w^_l2- By the definition of the contour C^+2, 
q'~^We+3 is outside of C^+2 s-^d all other poles on the complex plane are inside. The differential 



forms (pSD X dwl_l2 has no singularity at oo. Thus 



(1) __E)^o ,,, ^,, ^FT^^,„(i) 



du;,Y2 = -Res (1) _„_i^(i) (PBDdw;, 



'e+2 



and so on. Consequently we have 

dwi% f rfti^S-i J 



cii\ 27ri 7c(;^, 27ri 

g zi - v^_^_i k=e+i[Vk -q Vfc+iJ(,ffc -g%+ij 
A similar consideration is applicable to the function (^) in the variables f 's. Finally we have 

/ = Res w jv„, ■ ■ ■ Res m _„_i^(i) (29)rft;,^+\ ■ ■ ■ dv'^^l^ 
= 1. 
Consequently 

This reproduces the formula in [^. 

10 Integral formula for the trace of intertwining opera- 
tors 

We recall the definition of G^*^: 

r(^)(nn..Y^^-^^- - try(A.)(x^i/^'^e.(Ci) ■ • • <^.m{U%A^n) ■ ■ ■ n^i^i)) 



where F{z\u\x) is given by (|T^ and (p!5|). 
We define 

^r = {j\ej=r}, Ar = AoU---UAr, Br = {j\fij=r}, 5, = 5o U ■ ■ ■ U 5,. 

Then ^Ar = kr, ^Br = U- and '^Ar = Kr, ^Br = L,.. 

The condition that the weight, with respect to t/g(slAr), of the composition of the intertwining 
operators are zero is 

kj. — Ir = kN_i — In-1 ='■ fQ 

for < r < N — 1. We assume this condition. We set (z)oo = {z;x^)oo, ^a = Ca ^ ^fe = ^b^ ■ 
Then for 0<2<A^ — Iwe have 



G'^i^lOZ-'X 



a=l b=l agAjv_2 

d^k" -pi" f dvl 



n ^»- n ■"^-_ n , L«^ n ,/ 



a<b,b£AN_2 a<b,aGB]\i_2 a£AN_2,k ^k ZmWf. beBi^_2,k ^k ZTTtVf. 



a<6,a,fegAjv— 2 a<b,a,bS:Bi^-2 



aGAjv-2,fcG-Bjv-2 agAjv-2 beBM-2 



(a) \-l TT / ,(fe) \-l TT „„(a) 



X n _ i<u)-' n _ K^)-' n 

a<fe,aGAjv-2,feeAiv_i a<fe,6e-Bjv_2.aG-Bjv-i agAj\ 



W, 



€a+l 



X n n(i - ^^'^v^'ii) n n(i - i^^M:^) n ^ 



(»)/„„W ^ ^.„„W /„„W^ 



a<fe fc a>b k a,b,k (^^fc /^Ul)oo(gW^i/w^ 



i^.W /.,(")^ TT TT/'i ^-i„,(") /.,(^) 



n n(i - q-xi/vn n n(i - i-vkIi) n --r 



a<6 k a>b k a,b,k [Q V^ /%+lJooW ^fe+l/% jc 



y^ g^iv(4+lM"^) TT ^xivrfjlM''^) TT TT (^^ 

11 {^N\ 11 /'T,Ar^ 11 11 



X 

a,b,k 



N\2 

oo 
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xn n ^4l^(«-^-i°V4")oo(«-x''„i"/.i"'). 



a<6fc<Af-l 



[•^ loo 



where 

m n 

a=l b=l 

9j=yj n (^fV' n ^f (i<j<iv-i), 

7V-1 

e^izu ■■■, ZN-i\p) = E p^("i")+("i^^) n ^f '^^'^^ 

Here (Q = Zai © ■ ■ ■ © Zajy^i is the root lattice of sIn. The constant C*'"W(6|^) is given by 

= C_]_y'-o(Af-l)+Sgnjv(i)+|ro(Af-l)(Af-2)(Af-3)+iro(ro+l)(Af-l)+XAr_2+niiV-2 
X^ir-o(Af+l)+|r2Ar(Ar-l)(Af+l)-n(Ar+l)Ljv_2 + (Af-l)i^iV-2iiV-2+ErJi'^'f' 

^ ^(JV+1)(- E.eA^_2 '^+E.6S^_2 ^)"Ea6A^_2,^6S^-2 "«^ 



where we set 



xig^)^->-'-''%g-^)^^^>-'~'^\ 



eab = max(ea, €{,), Hab = max(/ia, Hb), Cab = max(ea, //&), 
^ tiN - iV{i±|^})(iV - 1 - N{^±j^}) 

4E(iv-iv{^±^})(iv-i-iv{l±l^}). 
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The integration contour C^ for w^ and C^ for w)^ are specified in the following 
manner. 

The contour Cj. is a simple closed curve going round the origin in the anticlockwise 
direction such that 

qx^"^wlli (m > 0, any b), x^'^w[ {m > 1, b ^ a), x^^^f^^i ("^ — I5 ^W b), q~^x^^v\. 
{m > 0, any b), q^^^x^"^Ub {m > 1, any b), q^~^^x^"^Zi, {m > 0, any b) are inside and 

g^-'^x^^™w^2i ("^ — 0) ^^y ^)) x~^"^wl (m > 1, b j^ a), x~^™f^2i ("^ — 1; ^'^Y ^)5 QX~'^'^vl. 
{m > 1, any 6), q^^^x~^"^Uh {m > 1, any b), q^ x~^^Zb {m > 0, any b) are outside. 

The contour C*/ is a simple closed curve going round the origin in the anticlockwise 
direction such that 

q-^x^"^v^J.i {m > 0, any a), g~^a;^™f^ (?ti > 1, 6 7^ a), q^^^x^^Za {m > 1, any a), q^x^^Ua 
{m > 0, any a), x^"'w^'!|:^ (?7i > 1, any a), q^^x^^w^ {m > 1, any a) are inside and 
qx~^"^v^J.^ (m > 0, any a), q^x~^"^v)^ {m > 1, b ^ a), q^'^^x'^'^Za {m > 1, any a), 

q ^ X Ua [m > 1, any a), x w^ji]^ (m > 1, any a), qx wl (m > 1, any a) are 
outside. 

It can be checked that those contours are well defined for |x| < \q\'^^^ < 1. 

If we set a; = in the formula above, we obtain the integral formula for the matrix element 
with 2 = j in section §. 

We have verified that this formula coincides with the trace formula in |^ for N = 2. 

The derivation of the integral formula of the trace is totally similar to the SI2 case Q and 
it is briefly explained in the appendix. 

As a corollary of the integral formula for the trace we have 



*\n+m 



Corollary 2 The functions G{(\C,\x, y) andG{(\C,\x, y) are meromorphic functions on (C 
where C* = C\{0} is the algebraic torus. 

Proof. The singularity of the integral appears only when the pinch of the integration contour 
occurs. By the definition of the contour the pinch happens at X = q°-x''Y for some integers 
a,b, where X, F G {(i,- ' ' Xm,^i,- ' ' y^n}- Suppose that pinch occurs at X = q°-x^Y. We 
decompose the integral into the sum of residues and the integral with the integration contour 
for which the pinch does not occur at X = q°-x''Y. Since the integrand of the trace formula is 
a meromorphic function on (C*)""'"'^ its residue is also a meromorphic function on (^C*)""*""^. In 
the decomposition the singularity at X = q^-x^Y appears only from the residue part. Thus the 
singularity of the trace function at X = q°'x''Y is a pole. 

11 Discussion 

In this paper we have proved that the trace of the composition of the intertwining operators of 
type I and type II gives a basis of the solution space of the qKZ equation at generic values of 
parameters. The qKZ equation considered in this paper takes the value in the tensor product 
of the finite dimensional irreducible Ug{s\i\f) module with the highest weight Ai. 

There is a problem whether it is possible to construct solutions of the qKZ equation taking 
values in the tensor product of the arbitrary finite dimensional irreducible f/q(slAr) modules as a 
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trace of intertwining operators. For A^ = 2 it will be possible to construct solutions of the qKZ 
equation taking values in the arbitrary irreducible Uq{sl2) modules by taking the trace of the 
intertwining operators introduced in |TT[] over the tensor product of integrable highest weight 



Uq{sl2) modules of level one 0. It is natural to expect that the trace functions thus constructed 
give a basis of the solution space. For A^ > 3 a similar construction will be possible. For the 
moment what kind of modules we can treat is not very clear. 

Let us consider the qKZ equation (0) of A^ = 2 on the weight subspace of Vi ® ■ ■ ■ ® V"„ with 
a weight, say A. At some special values of k, which depend on p, q and A, the hypergeometric 
solution of Tarasov-Varchenko [|l5l takes the value in the space of singular vectors with respect 
to certain action of Uq{sl2)- From the experience of rational and level zero case [|12|, it is 
probable that the trace function still gives a basis of the full space of the tensor product at 
those special values of k. This means that the hypergeometric solution and the trace solution 
have very different structures. It is an interesting and important problem to relate these two 
basis. A partial result in this direction is given in \V1\. 



One of the important properties of the trace construction of the solution is that it gives a map 

from V®"' with fixed n to the space of solutions of the qKZ equation taking the value in V®^ for 

any m. This will be a key structure to relate finite and infinite dimensional modules. Note that 

it is nothing but the typical structure of the form factors in integrable quantum field theories 

T^|l^. The above mentioned problem connecting two types of solutions is also important to 



understand the completeness problem of local fields constructed by Smirnov [|13[ [1[ . 

The value x = g^ is of particular interest, since the correlation functions and the form factors 
of the solvable lattice model are given by some special case of the trace function at this value 
of X. We conjecture that det(5 does not vanish identically at x = q^. 

The generalization of the results in this paper to other types of quantum afiine algebra is 
also interesting. 

The trace of intertwining operators are also studied in . Here we simply comments the 
following things. In the trace is twisted by the Dynkin diagram automorphism and thus it 
is different from the trace considered in this paper. The difference equations satisfied by the 
trace in |Q] and in this paper are also different. 



Acknowledgement I would like to thank Vitaly Tarasov for the helpful discussion. This work 
is done while the author stays at LPTHE in Universite Pierre et Marie Curie. I am grateful to 
the laboratoire, in particular, to Olivier Babelon and Fedor Smirnov for their kind hospitality. 

A Integral formula for trace -?7g(sl2) case- 
in the case of Uq{s\2) the integral formula for the trace is given in [Q. Our formula at A^ = 2 in 



section |T0| recovers it. In this case the sum of the trace over V{h.o) and V^(Ai) simplifies a bit. 
It is used in the calculation of the example in section 7. Thus we shall present this simplified 
formula. It also serves as a simplest example of the trace formula. 
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where 



jJi ■' k=i r=i Jc 2mwr ^Ji Jc 2mvr 



F^''{C,^,w,v\x,y) = 

n ( n (^^. - ^''^r) n (^. - ^.)) n (^/^^ (a^,./^) 

r=l j<ar j>ar j^^ \^r I ^] )co\q ^j I Wj- ) 

X ri( n (9^.. ' - '?"'%') n (^rT^ - «^^)) n ^ 



X 



r=l fe<^ k>br k,r il ^Vr/Uk)oo{Uk/Vr)c 

n Ox^i-q^^Vr/Zj) yr dj,2{-qUk/Wr) 



X n °° 



^ J,, 



X 



n 



\ 9^2{-qVr/Wr')6^2{-q-^Vr/Wr') 

{q^Wr/Wr')oo{q^Wr' /Wr)ooW:;}9j,2{Wr' /Wr 



^<^, Wr' - q^Wr (x2)oo 



[Vr'-q Vr)[x q Vr/Vr')oo[x q Vr'/Vr)oo J^. 



r<r' 



{•^ loo 



x^.((-i)*+H-g)-?^y-n^^n^. 



U^kUWr 

Here A = {ai < ■ ■ ■ < a J = {j\ej = +} and B = {bi < ■ ■ ■ < h} = {j\fij = +}, 2;^ = C], 
Uk = —^k- The integral contour C and C go round the origin such that 
for C: q'^x'^^Zj {I > 0) are inside and x~^''Zj (/ > 0) are outside, 

for C: x^^Uk {I > 0) are inside and q^x~'^^Uk {I > 0) are outside, —q^^x'^^Wr {I > 1) are inside 
and —q'^^x~'^^Wr (/ > 0) are outside. 

We have rewritten the formula in ||^ using the following formula: 

eA-xX') + {-ifxdA-x'x') = d^n-iY+'x). 
B Boson expression of intertwining operators 

Here we recall the bosonic expression of intertwining operators for [/^(sItv) W^ - 

Let us consider the Heisenberg algebra generated by {aj(fc)|l < i < N — l,k E Z\{0}} with 
the commutation relation 



[ai{k),aj{l)] = 6k+ifi 



[{ai\aj)k][k] 
k 



Let n be the Fock space of this algebra, H = C[ai{-k)\l < i < N - l,k e Z\{0}]. Let 
Q = ®f=i''^Cij be the root lattice of sl^- Then the twisted group algebra C[Q] is the algebra 
generated by e°^, ... , e^^-^ with the defining relation 
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Then 
Theorem 2 j^ There is an isomorphism 

\/(A,)^H®C[Q]e^% (30) 

where 7i ® C[Q]e^^ is the vector space consisting of the symbols Xe^\ X G C[(Q]. 



For the action of the generators of [/^(sItv) on the right hand side of (|30|) see 0]||TO|- 
To describe the intertwining operators we introduce the algebra containing C[Q]e^'. Let 
P = ®^Si7aKj = ©^"^^Zoj © ZAat^i be the weight lattice of sIn- Then the extended group 
algebra C[P] is the algebra generated by e"^, ... , e"^-^, e^^-^ with the defining relation |]10 

e"e^ = (_i)H/5)e/^e'^, a, /3 e {as, ■ ■ ■ , a^-i, Aiv-i}- 

As a convention, for a = Y.f=2 "^i% + ^tT'N^n-i, we set 

Note that 

N-l N-1 

ai = - ^ rar + NA^-i, Aj = - '^ {r - i)ar + {N - i)AN-i. 

r=2 r=i+l 

The algebra C[Q] becomes a subalgebra of C[P]. We consider C[(5]e'^' as a subspace of C[P]. 
We define the action of the symbols da, e" {a E Q), and d on the space H © CfQle"^*- Let 
X = aj^{-ni) ■ ■ ■ aj^{-nk) eU^e^eU® C[Q]e^» and F = X © e^. Then 

doX = {a\l3)Y, e"y = X © eV, 

Then the principal grading operator D^^^ on V{Ai) is given by 

D« = -p + ^^^^, p = Nd+lY.<N-r)da^. 



We set 



^i^ ^) ^TL.,k\ __ / ^ X^ %(^) ^=F|^-fcAg±a,^±a,^. 



XfH = exp ( ± E ^9^ V) exp ( T E ^^ 



.w -"-\ 



nez 



Then 
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Theorem 3 /[I 

■Mi) 



^'^%{z)=exp{j:^N-i{-k)q 



{N+^)k^k 



oo 



fc=l 



exp(^a;^_i(A;)g" 
fc=i 

N-l-i\ , , 1 , 



-{N+^)k-k 



l>f)(z) = [|.^«(^),x-]„ 0<j<iV-2, 

oo oo 

^S(«) = exp ( - 5: a^_i(-A:)g(^+^)'=«'=) exp ( - ^ a;,_i(A:)g 
fc=i fc=i 



{A^+|)fc^-fc 



^;?^;(«) = [<, ^;i?H«)].-, o < j < iv - 2, 



where [X, F]^ = XF - gFX and 



'^Af-l(^) 



-1 



AT-l 



^ [rk]ar{k). 



mm ,ei 

The elements a^_i(/c) satisfy the relations 

m fcQ _ (2Af-2)fc^ 



The inner product is given explicitly by 



(A,|A, 



X 



(«<j), iai\Aj) = 5ij. 



C List of normal ordering rules 

We define the normal ordered operator as an operator of the form 

N-l 00 N-1 00 

exp ( E E Aii^^A-n)) exp ( E E ^l^'^^iH) 

j=l n=l j=l n=l 

N-1 N~l 

X exp( E Cjaj) exp( E c'jd^^ ] 

Thus we define the normal order of the product of operators as 

: ai{k)aj{l) : = ai{k)a.j{l) ii k < I 
= aj{l)ai{k) ii k > I, 



■ daai{k) 

■ e'^a^ik) 



: ai{k)da := ai{k)da, 
: ai{k)e°' := aj(fc)e", 
: ef^da := e^a„. 
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We shall give a list of expressions of operators in terms of their normal ordered operators. 

Xr^{wi)Xr^{w2) =: Xj;{wi)Xr^{w2) : \ji - J2I > l,Ji,j2 7^ 0, 

Xr{w,)X-{w2) = i-iy^' : XrMX-{w2) : J > 3, 
Xr{w^)X^{w2) = i-iy-' : Xr{w^)X^{w2) : J > 3, 

X-K)^7+i(^2) = -til^ : X-K)^7+i(^2) :, 
■' ■' Wi — qw2 

Xj^,{wr)Xj{w2) = HL^ : Xj^,{wr)Xj{w2) :, 
•' ■' Wi — qw2 

X^{wi)X^{w2) = {wi - q^W2){wi - W2) ■■ X^{wi)Xj'{w2) :, 

Xr^{w)X;^{v) =: Xr^{w)X+{v) : |ji - J2I > 1,JJ2 ^ 1, 

XrK)X+(«;2) = i-iy^' : XrK)X+(«;2) : j > 3, 

X-{wi)Xt{w2) = {-iy~' : Xr(wi)^i^K) : J > 3, 

X-(ti;)X+ i(t;) = (-1)^.1 (^i; -^;) : X-iw)X;^,iv) :, 

X-^.iHX;(t;) = i-iy-'^^iw-v):X-^,iw)X;iv) :, 

X-(ti;)X;(t;) = ^ ^ ^^ : Xr^X+lt;) :, 

■^ -^ [w — qv)[w — q ^v) ■' ■' 

Xl{v)Xr^{w) =: X+(t;)X-H : |ji - j^l > l,ji,j2 7^ 1, 
X+K)X-(ti;2) = (-1^+^ : Xt{w^)X-{w2) : J > 3, 
X+K)Xr(w2) = (-1)^-' : X+{w^)X^{w2) : J > 3, 

X+i(t;)X-H = {-iy-'^^{v~w):Xl^,{v)X-{w) :, 
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X;{v)Xr{w) = -^ : X;{v)Xr{w) :, 

■^ ■' [v — qw)[v — q '^w) ■' ■' 

X+(t;i)X+(t;2) =: X+(t;i)X+(t;2) : |ji - J2I > l,Ji,j2 ^ 1, 

X+K)X/K) = (-1^+^ : X+(«;i)X/K) : J > 3, 

X+K)X+(ti;2) = (-ly-^ : X+{w^)Xt{w2) : J > 3, 

(-1)5.1 



xl{v,)xl^M) 



vi- q ^V2 ' ^ 



: X+(t;OX+ i(t;2) :, 



X;^M)X;{V2) = -^^^ : X+ iK)X+(t;2) :, 
X+{v,)X+{v2) = {v, - q-\2){vi - V2) : X+{v,)X+{v2) :, 



■.h(i) 



-h{i) 



$ri(^)^7H =^ ^7M^)Xiiw) : jV iv - 1, 



-ft(i) 



$ri(^)X^_i(«;) 



-h{i) 



w — q^z 



: $riW^^-i(«^) :, 



-fe(i) 



^ft(i) 



$^1 W^,n^) =: <^7M^)Xnv) : jV iV - 1, 



s^^W {^\v+ 



N+l^\ . tf,Hi) {^\v+ 



<^Tiiz)X^-i{v) = {v- q^'^'z) : $ri(^)^^-i(^) :, 



*h{i) , 



' *h{i) 



K'-iiu)Xnv) =: K'-l{u)Xnv) : jV iV - 1, 



,*h(j) 



K'-i{n)x^-i{v) 



*h{i) 



V — q^^'^u 



■ '^Ti{u)Xt,_,{v) :, 



■ h{i) 



Xi{w)<^71,{z) =: XT[nj)<^^^\{z) :, jV iV - 1 



A(i) 






w — q^^'^z 



■ x^_,(t.)|.;;(!.\(^) :, 



-hii) 



■■ xnv)^7iii^) ■; j^N-1, 



^h(i) 



-Mi) 



Xt,^,iv)¥^'Mz) = iv- q^^^^z) : X% _,{v)^71i{z) : 



xnv)r;:'-{{u) =■. xnv)^>T{{u) ■., j^n-i 



*h(i) I 
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X^-,{v)K^l{u) = —^ : X^_,{v)K^l{u) :, 



1 

V — q"u 



Xj{w)rrM =: X-{w)rrM :, j^N-l, 



(?^^f 
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'oo 






;oo 



/'„2Af-l 2N 

l,y„Joo 



«2''°^ 



Let us set 



^f''\u\vN-l ■ ■■Vj+l) = [X^^^{Vj+i), ^*'l^l\u\vN--l ■ ■■Vj+2)]q~i 

Then 

= f_l\^2^(N+l)SjO+5ju TT (g~ -q)wk 

kij+1 i^k - q~'^Wk+i)iwk - qwk+i) 

X : ^n~i{z)Xn^i{wn-i) ■ ■ ■ Xr_^^{wj+i) :, 



= f_i\^NiN+i)Sjo+SjQ TT (g - g)t;fc+i 

where we set wn = q^^^z and vn = q^^^u. 
We have 

: ^fl\{z,)X-^_,{w^^\) . --Xj^^^f,^ :: ^fi{z2)X],_,{w^ff_,) ■ • -X^+.l^J^,) 



28 



= tl\h(^-i-J2){N+2+J2)5j^o+^(N^l-ji){N+2+n)5j^o 



•^1 («;S^Li-g^+^^2)(«;^'li-g^^i) 



n -jT) (2r n -jT) (2r ■ "^^-1(^1) ■ ■ ■^i2+i(^i2+i) 



'■Mh)(\y- /,, \ Y- /,, \ .. iTf*'^('2) 



^Ti{^)X-^-Ay^N-i) ■ ■ -X^+iK+i) :: vl/;;^^ («)X+_iK_i) • ■ ■X+^,(t;,,+i) 



(_l\\{N-l-J2){N+2+J2)5j^o + \{N-l-h){N+2+h)&j.^o 



X 



^ Ylkiwk - qvk){wk - q^^Vk) 



k k 



X Yliwk - Vk+i) l[{-l)iwk - Vk^i) : ^j^'lliz) ■ ■ ■ X+^^{vj^+i) :, 



= {_l\h(^-^-J2){N+2+J2)5,^o + ^(N-l-ji)iN-2+n)5j^o 



x/,W(!^)g(-g^+l«2) 



., , n ^,(2) 2„(l)w„(2) ^(1)n 



X n (2) ' , (1) n (2) "\ a) ^ ^SH-2) ■ ■ ■ xuMX^ : . 

Here, denoting {z)ao = {z]x^)oo, we set 



D Derivation of integral formula for trace 

The calculation of the trace using the bosonic expression of the intertwining operators are 
exactly similar to the case of s/2 |0|[§]- Thus we present here only the necessary information 
for the calculation of the trace. 
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We use the following formula 

N-l oo N-1 oo 

tev^(A,)(x^exp( ^ E4^'^«^(-^))exp( E E ^i^'^«^H) 

j=l n=l j=l n=l 

A^-l A^-l a a a 

xexp(2^ Cjaj) [[ Qj 'go 'g^ 

N—l oo oo -| 

X n e^P ( E E -a:^'"M(f)(-H^i?ri) + [n][2n]Bl^^ - M'^^i^'^'^)), (31) 

j=l m=l n=l "" 

where we set B^^ = B^'^ = 0. The derivation of this formula is similar to the 5^2 case. We 
refer to [§] for details. 

In the previous section we have given the expression of the operators in terms of their 
normally ordered operators. Therefore in this section we shall give a list of contributions to 
the trace from the normally ordered operators. Then using the formula (|3ll) we can calculate 



the trace and the result is presented in section |T0. 
For an operator O such that 



if we write 

then it means that 

N-l 



N-l 00 N-l 00 

C? = exp ( E E A[f)a.(-n)) exp ( E E ^i^'^^X^)) 

j=l n=l j=l n=l 

xexp(2^ Cjaj) [[ gj 'go 'gN 



O^ J 



^ = n exp ( E E y-A^^.\-[nrBt'^ + [n][2n]Bl^^ - M^fi^^^))- 



j=l m=l n=l ^ 



The following is the list which is necessary for the calculation of the trace. 



{q2N^Ny N-IK-J ^q2N-2^Ny 

Xr{w) ^ (g2x^)oo(x^)oo, X;{w) ^ (g-^x^)oo(x^)c 

: XJI{w,)XJ^'{w2) :^ 1 |ji - J2I > 1,^1,^2 G {±}, 

1 



: Xj {wi)X.^^{w2) - 



{qx'^wi/w2)oo{qx^W2/wi)oo ' 
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: X-{w)Xti{v) :^ {x^w/v)oo{x^v/w)oo, 



: X-,{w)Xnv) :^ {x"" w / v) U^"" v / w) 



:Xr{w)Xnv)- 



1 

1 



: §;,"«HXf H :^ 1, jViV-1, 






: ^;.'i'J(^)^^-i(^) : ^ 



{(fx^ulv)^[(r^-'^x^vlu) 



00 



: $S(.i)$Sl1(.2) :- {^'^"^-i/^^ii^'^^^-^/^i} 



{g2JVa;7V^^/^2}|g27V2,Ar^2/^J' 



• ^^-i^^^^^^-i ^"^ {qx^zlu}{qx^ulz\ ' 

^S^K)^S^(-2) :- {^''u,lu2}{x-U2lu,} 



{q^^-'ix^u^lu2}{q^^-''x^U2lu^\ 
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